A dynamical quantum phase transition can occur in time evolution of sudden quenched quantum systems across phase transition. It corresponds to nonanalytic behavior at a critical time for rate function of quantum state return amplitude, analogous to nonanalyticity of the free energy density at the critical temperature in macroscopic systems. A variety of many-body systems can be represented in momentum space as a spin-1/2 state evolving in Bloch sphere, where each momentum mode is decoupled and thus can be simulated independently by a single qubit. Here, we report the observation of dynamical quantum phase transition by a superconducting qubit simulation of the quantum quench dynamics of many-body systems. We take the Ising model with transverse field as an example. In experiment, the spin state initially polarized longitudinally evolves based on Hamiltonian with adjustable parameters depending on momentum and strength of the transverse magnetic field. The time evolved quantum state will be readout by state tomography. Evidences of dynamical quantum phase transition such as paths of time evolution state on Bloch sphere, the non-analytic behavior in dynamical free energy and the emergence of Skyrmion lattice in momentum-time space are provided. The experiment data agrees well with theoretical and numerical calculations. The experiment demonstrates for the first time explicitly the topological invariant, both topological trivial and non-trivial, for dynamical quantum phase transition. Our experiment results show that the quantum phase transition of many-body systems can be successfully simulated by a single qubit by varying control parameter over the range of momentum.
Introduction.-Quantum simulation can provide insights into quantum and topological phases of matter, role of entanglement and quantum dynamics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . It also constitutes as one of the basic building blocks of the quantum information processors. By analogy simulation, physics of the quantum systems can be mapped to the corresponding quantum operations in controllable quantum simulators. On the one hand, systems with high dimension or the many-body systems should be simulated by the quantum processors with many coherently coupled qubits such that the simulating counterparts are equivalent [3, 4] . By increasing the number of qubits, the simulation may outperform the classical machines and bring in the quantum advantage. On the other hand, a variety of many-body systems with large number of spin-1/2 states can be studied in momentum space by a two-band model with decoupled momentum modes, which is equivalent to a single spin-1/2 state evolving in Bloch sphere for each mode. This fact also provides us a route of quantum simulation by one qubit with variables sweeping over momentum space resulting from coordinate momentum transformation.
In this Letter, we shall emulate the dynamical quantum phase transition (DQPT) of the many-body systems by a single superconducting qubit. The DQPT is a phenomenon occurring in evolving quantum state [20] [21] [22] for isolated quantum systems far from equilibrium [23] . By quantum quench, the overlap amplitude between initial and time-evolved quantum state is comparable to the partition function of an equilibrium system. The DQPT is characterized by the nonanalyticity in dynamical free energy density at critical time t = t c , which is analogous to traditional phase transition occurring at critical temperature. The DQPT is intimately related with quantum phase transitions in many-body systems [20] [21] [22] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
Recently, the experimental explorations of DQPT are preformed in ion-trap systems [3, 5] and cold atom systems [4, 6] with dozens of individual addressable qubits or a cloud of fermionic atoms. Our experiment follows DQPT simulation approach by emulating the corresponding two-band model separately for each momentum mode with a single qubit. By ranging over the Brillouin zone of momentum space, the results are equivalent to that of simulating many-body systems in space. The finite size effect can be observed for finite number of momenta implemented in experiment. Our experimental system consists of the superconducting Xmon qubits which is one of the most promising platforms for quantum simulation and quantum computation [37] [38] [39] [40] [41] . We provide concrete evidences that the DQPT is successfully simulated by our experiment. The highlights of our experiment are as follows. We show experimentally the topological invariant in DQPT indicated recently in Ref. [24, 33] . By simulation, we obtain quantitatively the dynamical free energy and Skyrmion lattice.
The model and scheme for simulation.-We begin with a two-band model, the Hamiltonian is written in momentum space as,
where Ψ k denotes a spinor, which is a 2-dimensional column vector formed by fermion operators. The "first quantized"
arXiv:1806.09269v1 [quant-ph] 25 Jun 2018
Hamiltonian h(k) for momentum k mode takes the form,
where σ = (σ x , σ y , σ z ) is a vector of Pauli matrices, k is in Brillouin zone. This model can describe a variety of physically different many-body systems. For examples, the Su-Schrieffer-Heeger model [42] which describes the simplest one-dimensional topological insulator, the p-wave Kitaev chain [43] about a one-dimensional topological superconductor and the transverse field Ising model [44, 45] . It is noticeable that each k mode of the Hamiltonian is decoupled, so we can investigate each mode separately. The eigenvalues of h(k) are given by
The corresponding eigenvectors are denoted by |φ ± (k) , or written as density matrices
whered(k) = d(k) |d(k)| corresponding to a unique vector on the Bloch sphere.
To study the quench dynamics, we first prepare the system in the ground state of the initial Hamiltonian
corresponding to the minus eigenvector in (4) . Then taking a sudden quench to the final Hamiltonian h f (k), which determines d f (k) by Eq.(2). The state evolves as |φ(k, t) = e −ith f (k) |φ i (k) . A more enlightening picture can be presented as density matrix form,
whered
It is simply the spin precession on the Bloch sphere, that iŝ d i (k) rotating aroundd f (k) with period π |d f (k)| . Now we introduce the rate function of the dynamical free energy,
where the summation comes from the fact that each momentum decouples with each other. The nonanalytic behavior of f (t) corresponds to DQPT, which is associated with zeros of φ i (k)|e −ith f (k) |φ i (k) for at least one critical momentum k * at critical time t c . From spin precession picture, it is clear that spin vector d i (k * ) is perpendicular to the rotation axis d f (k * ), where d i (k * ) 0, d f (k * ) 0, and t c repeats with period π |d f (k * )| . In this Letter, without lose of generality, we will investigate experimentally the DQPT of Ising model with transverse field, but the results can be applicable straightforwardly to other phenomena of many-body systems. The Hamiltonian of the transverse field Ising model is written as,
where g is the strength of the field in Z direction, the periodic boundary condition is assumed. There are two phases for this model, the ferromagnetic phase for g < 1, and the paramagnetic phase for g > 1, the phase transition critical point is
It is proved that DQPT occurs if and only if the initial Hamiltonian with g i field and the quenching Hamiltonian with g f field belong to different phases for Ising model [20] . It can also be shown that the nonanalytic point happens for momentum mode k * = ± arccos 1+g i g f g i +g f , see [45] for details. The scheme for simulating DQPT in experiment is as follows. We first prepare the initial qubit state |φ i (k) determined by parameter g i for each mode k. By sudden quench, state |φ i (k) evolves as |φ(k, t) according to Hamiltonian h f (k) with parameter g f , i.e., spin vectord i (k) rotates around axiŝ d f (k) in Bloch sphere. The time evolution state |φ(k, t) will be readout experimentally by state tomography. By ranging over Brillouin zone of momentum space for each mode k, we can obtain the rate function in Eq. (7) . The occurrence of DQPT can be observed in case the rotation path of |φ(k, t) is a great circle in the Bloch sphere for mode k = k * . In this case, |φ(k * , t) can be orthogonal to the initial state at time t c , φ i (k * )|φ(k * , t c ) = 0, resulting in the nonanalytic point of rate function. For the full regime of k in Brillouin zone, the time evolutions of states |φ(k, t) will cover the full Bloch sphere when there exists DQPT, otherwise only less than one half of the Bloch sphere is covered, as recently pointed out by our coauthors [24, 33] . This phenomenon will be observed, for the first time in experiment, as one of the signatures in identifying the occurrence of DQPT. It is actually a direct observation of the topological invariant.
Experimental setup.-In the experiment, we use a single qubit to simulate the dynamics of the model. Fig. 1 is the microscopic photograph of the superconducting Xmon qubit chip [37] , the external circuitries and qubit parameters. In experiment, the Xmon qubit is biased at the maximum frequency 6.203 GHz. This point is also known as the sweet-point. The measured anharmonicity is about −236 MHz, and measured energy relaxation time T 1 is about 8.3 µs, dephasing time T 2 * is about 6.8 µs and spin echo dephasing time T 2se is about 11.7 µs. The readout cavity frequency is about 6.793 GHz, which falls in the dispersive coupling regime. The frequency dispersive shift of readout cavity is κ/2π = −0.697 MHz.
The energy gap of the qubit can be adjusted by external flux bias. Xmon qubit is capacitively coupled to a λ/4 coplanar waveguide (CPW) resonator that is coupled to a CPW transmission line. In this device, the qubit state is readout by the dispersive method via the λ/4 resonator. The optical micrograph of this sample is shown in Fig. 1(a) . The details of chip fabrication and the circuitries are presented in Supplemental Material [45] Time evolution paths in Bloch sphere for DQPT.-Following our experimental scheme, we shall first prepare the initial state as the ground state of the Hamiltonian h i (k) for a fixed mode k, and sudden quench the system to the final Hamiltonian h f (k). For convenience, we actually always prepare the initial state as |φ i = (|0 +|1 )/ √ 2, consequently the quenched Hamiltonian is changed accordingly. This is because that we can perform a rotation to both Hamiltonian, h i (k) and h f (k), without changing the DQPT results.
In experiment, we set a universal speed in rotating the qubit in the Bloch sphere, i.e., we use the normalized rotating operation
. Then all the states of different momenta have the same period.
The quenched quantum state will be readout at a sequence of time points to obtain the time dependent density matrix ρ(k, t). For a full period of rotation, we can obtain a circle of evolution path of the state on the Bloch sphere. The same procedure repeats by changing momentum k in Brillouin zone.
We now present explicitly the experimental procedures. Suppose the initial strength of the transverse field for the Ising model is, g i = 0.2, the Hamiltonian is, h i (k) = (0.2 − cos k)σ y +sin kσ x , which is in the ferromagnetic phase regime. The system is sudden quenched to the finial Hamiltonian, h f (k) = (g f −cos k)σ y +sin kσ x . Here two different strengths of the field are chosen in experiment, g f = 0.5 and g f = 1.5, corresponding to ferromagnetic phase and paramagnetic phase, respectively.
Experimentally, we first initialize the qubit as |0 then rotate it in Y-axis by π/2 microwave pulse to the superposed state |φ i = (|0 + |1 )/ √ 2. The state |φ i is one eigenvector of σ x , and can be considered as the ground state of h i (k) by a unitary transformation Uh i (k)U † = σ x . The final Hamiltonian is similarly rotated as Uh f (k)U † . For a fixed k, unitary operation based on the final Hamiltonian is applied to the initial state |φ i as the quantum quench procedure. In experiment, we will sweep mode k in Brillouin zone from 0 to 2π with step length 2π/30.
For each value of k, the state will be rotated for two cycles in Bloch sphere, representing time evolution for two periods. The rotation axis is determined by quench Hamiltonian h f (k). The path of the state time evolution in Bloch sphere is presented in Fig. 2 , where only one cycle of data are presented. In the figure, each dot represents the evolving state at a fixed time point readout experimentally by state tomography. For example, Fig. 2 (a,h) represent k = 0 for different quenched Hamiltonian. We can find that the initial state always stays at its original position, because the rotation axis is in X-direction determined by the corresponding Hamiltonian. Figure 2 (a-g), 7 sub-figures in the upper panel, represent the system is sudden quenched to g f = 1.5, the state evolution in Bloch sphere for k = 0, 0.2π, 0.4π, 0.6π, 0.8π, π are presented in the first 6 sub-figures, respectively. All data for this case are presented together in Fig. 2(g) , those k modes are for k ∈ [0, π] constituting a half region in Brillouin zone. For each mode k, the state starts from |φ i in original position and evolves like a circle in the Bloch sphere and returns to its starting point after one cycle of period. In each cycle of time period, we take 70 time points for state tomography readout, the experimental data are presented as dots in Bloch sphere, where each dot represents average value of 5000 single-shot measurement results. Each step of time evolution lasts 15 nanoseconds. Then one circle of period takes 1.05 µs, two circles are also performed experimentally, they are within the coherence time. We have also taken a normalization, | < |φ(k, t)|φ(k, t) > | 2 = 1, at each time point, implying pure states are assumed for time evolution, Trρ 2 (k, t) = 1. We take total 30 different momenta k in Brillouin zone in experiment, the evolution paths are given in Fig. 2(g) . Figure 2 (h-n), 7 sub-figures in the lower panel, represent the case that the system is sudden quenched to g f = 0.5. Similar conventions are used as those in upper panel.
The occurrence of DQPT can be directly observed in Fig. 2 . It is obvious that in upper panel of the figure, Fig. 2(a-g) , the full Bloch sphere will be covered by states time evolution paths shown explicitly in Fig. 2(g) . This case is that g f = 1.5 and g i = 0.2 are located in two different phases, so DQPT will happen. Since the full Bloch sphere is covered, it is apparent that there exists a k * , the path of the evolving state is a great circle resulting in that state |φ ⊥ i = (|0 − |1 )/ √ 2, located in the opposite direction of X-axis on Bloch sphere, can . Data for two different cases are summarized together in (g) for g f = 1.5, and (n) for g f = 1.5, respectively. We can find that the whole Bloch sphere in (g) is covered, in contrast in (n), only partial region of Bloch sphere is covered. We emphasize that the initial state is always prepared in the equator of the Bloch sphere in X-axis. be reached at a critical time t c , shown in Fig. 2(b) . The orthogonality leads to zero for the overlap between the evolving state |φ ⊥ i with the initial state |φ i , leading to non-analyticity for logarithm in rate function (7) . These results demonstrate the occurrence of DQPT at critical time t c . In contrast, when g i = 0.2 is quenched to g f = 0.5 but without going across the critical point g c = 1, we can observe in Fig. 2 (h-n) that only less than one half of the Bloch sphere can be covered for k in Brillouin zone, as summarized in Fig. 2(n) . Then no DQPT can happen.
Experiments are performed also for a series of quenched parameters, g f = 3.5, 2.5, 0.9, 0.8, 0.7, for a fixed initial state |φ i with g i = 0.2, besides the two cases g f = 1.5, 0.5. Similarly, occurrence and non-occurrence of DQPT can be observed by investigating time evolution paths of states in Bloch sphere, the same as in Fig. 2 .
Rate function, finite size effect and Skyrmion lattice.-Experiment data of the time evolving states |φ(k, t) > are tomographic readout by sweeping k ∈ [0, 2π] in Brillouin zone with step length 2π/30. Then we can obtain the evolution of dynamical free energy defined in Eq. (7) . Figure 3 (a) are results of time dependent rate functions for g f = 3.5, 2.5, 1.5, 0.9, 0.8 and 0.7, all with initial parameter g i = 0.2. The experimental data are shown as dots, the theoretical results are presented as lines. For convenience, t is normalized by a period of time t 0 in the figures. We can find that rate function f (t) has a sharp peak at the critical time t c for g f = 3.5, 2.5, 1.5, which will lead to the discontinuity for derivative of f (a) Dynamical free energies for different g f s are presented, while g i = 0.2 is fixed. We take 70 time points for each period. Error bar represents the deviation of the average value of 5000 single-shot measurements from the fitting value for the evolution path of the 70 points in the Bloch sphere, see supplemental material for details [45] . (b) Dynamical free energy near the critical time τ c for different number of momenta implemented in experiment is given, corresponding to different sizes. The exact results for N → ∞ are presented as solid line. Here we take g i = 0.2 and g f = 1.5.
that it is located in a different phase from the initial phase g i < 1. In comparison, it is obvious that the rate functions for g f = 0.9, 0.8, 0.7 are different from cases when g f > 1, the curves are much more smooth and no sharp peak appearing, so no discontinuity is expected for the derivatives of the rate function. Thus no DQPT will happen, given both g i and g f are in the same phase. Also we observe that the experimental data agree well with theoretical calculations. Figure 3(b) shows the results of different number N of modes for k, corresponding to size N of the Ising model. So experiments are performed for N different momenta for k ∈ [0, 2π]. Here g i = 0.2 and g f = 1.5 are fixed. It can be found that if t is far away from t c , dynamical free energy f (t) is quite close to theoretic value (pink curve) of N → ∞. Near the critical time t c , f (t) is nearly smooth if the size is small, demonstrating finite size effect. As N increases, it approaches to the theoretical value for N → ∞ and demonstrates non-analytic behavior. Figure 4 shows the emergence of Skyrmion lattice in momentum-time space for DQPT. By using readout data |φ(k, t) >, we can consider the expectation value of the initial spin operator on the evolving state, which is related with the squared overlap between initial state and the evolving state, see [45] for details,
We present these expectation values for two different cases, g f = 1.5 in Fig. 4(c) and g f = 0.5 in Fig. 4(d) , both start from the initial condition g i = 0. The rate functions are presented respectively on Fig. 4(a,b) for comparison. We can find that when g i = 0 and g f = 1.5 lie in different phases, the emergence of Skyrmion lattice in momentum-time space can be seen obviously in Fig. 4(c) , which indicates the nontrivial dynamical Chern number implying the occurrence of DQPT. The time coordinates of the center of Skyrmion is just the critical time t c . While if g i = 0 and g f = 0.5 lie in the same phase, the configuration of Skyrmion lattice does not appear as shown in Fig. 4(d) , the corresponding dynamical Chern number is trivial. There is no DQPT as shown Fig. 4(b) .
Conclusion.-We simulate experimentally the two-band model of DQPT for a transverse Ising model by a single superconducting qubit. By quantum sudden quench, the initial prepared state will evolve depending on momentum mode k and both the initial and final Hamiltonians. Then accordingly, the superconducting qubit state is well controlled experimentally. The evolving state is readout by state tomography. The experiment data are processed and presented as evidences for the occurrence of DQPT. The DQPT can be shown by state evolution paths in Bloch sphere, the dynamical free energy and the Skyrmion lattice. All results demonstrate that the simulated results can characterize the DQPT successfully. Since the simulation is applicable to various two-band models, the approach paves the way for investigating various physical phenomena by similar techniques.
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Supplemental Material: Observation of dynamical quantum phase transition by a superconducting qubit simulation
Detailed information of the qubit device and the measurement method are given. The error bars in the figures are explained in detail. The correspondences between the manybody models such as Su-Schrieffer-Heeger model, the p-wave Kitaev chain and the transverse field Ising model with the twoband models in momentum space are presented. The relation between dynamical quantum phase transition and the dynamical Chern number is given, the corresponding Skyrmion lattice is explained.
THE QUBIT DEVICE AND EXTERNAL CIRCUITRIES
The sample was fabricated using a process involving electron-beam-lithography (EBL) and double-angle evaporation. In brief, a 100 nm thick Al layer was firstly deposited on a 10 × 10 mm sapphire substrate by means of electronbeam evaporation, followed by EBL and wet etching to produce large structures such as microwave coplanar-waveguide resonators/transmission lines, capacitors of Xmon qubit and electric leads. The EPL resist used was ZEP520 and wet etching process was carried out using Aluminum Etchant Type A. In the next step, the Josephson junctions of qubits were fabricated using the double-angle evaporation process. In this step, the under cut structure was created using a PMMA-MMA double layer EBL resist following a process similar to that reported in Ref. [1] . During the evaporation, the bottom electrode was about 30nm thick while the top electrode was about 100nm thick with intermediate oxidation.
In the measurements, the sample was mounted in an aluminum alloy sample box which is fixed on the mixing chamber stage of a dilution refrigerator. The temperature of the mixing chamber was below 15 mK during measurements. The readout input microwave lines and qubit XY control lines are heavily attenuated. Lines for qubit dc bias control are filtered using filters (RLC ELECTRONICS F-10-200-R) that functions as combination of low-pass filter and copper powder filter. The microwave output signal from the transmission line is amplified (≈ 39 dB) by a cryogenic HEMT amplifier mounted at the 4 K stage and a room temperature amplifier (≈ 38 dB) before being measured by a home-built heterodyne acquisition system shown in Fig. 1(b) in the main text.
ERROR BAR SHOWN IN THE FIGURES
The dynamical free energy can be expressed in terms of d i (k) andd(k, t)
In our experiment setup,d i (k) is a fixed unit vector. To estimate the experimental error of f (t), we need only to estimate the fluctuation ofd i (k). Given a specific k, we have obtained 70 state tomography datad(k, t) corresponding to different time points on the evolution path in Bloch sphere. Each of these tomography datad(k, t) is an average of 5000 raw data. We estimate the fluctuation ofd(k, t) by estimating the fluctuation of the radius of the evolution path traced on the Bloch sphere. For each path, we choose three equally separated state pointsd(k, t) and calculate the radius they determine. Thus for k, we obtain 22 estimation of the evolution path. The magnitude ∆d(k) of the fluctuation ofd(k, t) is evaluated by the standard deviation of the 22 estimation of the radius. The error of the dynamical free energy is hence
Those error bars are indicated in the Fig. 3 and Fig. 4 in the main text.
THE MANY-BODY SYSTEMS AND THE TWO-BAND MODEL
The Hamiltonian of two-band model is written as,
where Ψ k denotes a spinor, h(k) takes the form,
where σ = (σ x , σ y , σ z ) is a vector of Pauli matrices, as already presented in the main text. This model can describe a variety of physically different many-body systems. For examples, the Su-Schrieffer-Heeger (SSH) model [2] describes the simplest one-dimensional topological insulator. We have that Ψ † k = (c † kA , c † kB ) with A and B referring two sub-lattices, d(k) = [(t + δt) + (t − δt) cos k, (t − δt) sin k, 0)], with (t ± δt) being the hopping amplitudes in the unit cell and between the adjacent cells, respectively. Another example is p-wave Kitaev chain [3] which describes a one-dimensional topological superconductor. For this case, we have that Ψ † k = (c † k , c −k ) and d(k) = [0, ∆ sin k, (−µ/2 − t cos k)], where ∆ denotes the pairing potential, µ the chemistry potential, t the hopping amplitude. When t = ∆, it corresponds to the transverse field Ising model [4] after mapping to the free fermions by Jordan-Wigner transformation. Here, we have d(k) = [0, sin k, (g − cos k)]. The details are as follows.
The SSH model is the simplest two-band model describing polyacetylene, which is a one-dimensional topological insulator. The Hamiltonian reads A and B refer to two sublattices. The hopping amplitude in the unit cell is t + δt while that between adjacent unit cell is t − δt.
Performing the Fourier transformation c kA = 1 √ N l e −ikl c A,l
